We investigate the J1-J2 spin chain consisting of spins with magnitude 1 2
Another type of frustration is induced in the J 1 -J 2 spin chain, if the NN interaction is ferromagnetic (J 1 < 0) and the NNN interaction is antiferromagnetic (J 2 > 0). We call this J 1 -J 2 spin chain the F-AF chain. The F-AF chain is realized in, e.g., Rb 2 Cu 2 Mo 3 O 12 with J 1 /J 2 ≃ −3 18 and LiCuVO 4 with J 1 /J 2 ≃ −0.3. 19 Relatively less attention has been paid to the F-AF chain until such materials are discovered. We are interested in the difference between frustration effects of the F-AF chain and of the J 1 -J 2 chain with both J 1 > 0 and J 2 > 0. Further, the uniform F-AF chain is extended to a model including bond alternation, if the NN and/or the NNN interactions have alternative strengths. The competition between frustration and bond alternation is of another physical interest.
In the uniform F-AF chain, the ground state is fully ferromagnetic for J 1 < −4J 2 . [20] [21] [22] For −4J 2 < J 1 < 0, numerical studies suggest a gapless singlet ground state, 16, 23 while a detailed analysis based on the field theory predicts a tiny but non-zero spin-gap for small |J 1 |. 24 At the phase boundary of J 1 = −4J 2 , Hamada et al. 25 found the exact singlet ground state under the periodic boundary condition (PBC). The exact solution is of a resonating-valence-bond (RVB) form.
At the phase boundary for the F-AF chain with the NN bond alternation, Dmitriev et al. obtained an exact singlet ground state for the PBC. 26, 27 In the derivation process, they also found a special ground state for the open boundary condition (OBC), although it is not an eigenstate of the total spin. They further claimed that all the ground states are degenerate with respect to the magnitudes and the z-components of the total spin, and that the ground state for each total spin and each zcomponent of the total spin is unique. However, the explicit forms of all the degenerate ground states have not been shown.
In this letter, we report all the exact degenerate ground states for the uniform F-AF chain under the OBC; they are written down in explicit forms. Moreover, when both the NN and the NNN bond alternations exist, we obtained all the exact degenerate ground states in simple recursion relations with respect to the system size N . The nondegeneracy of the ground state in each sector with the fixed total spin and its z-component is also shown.
The Hamiltonian for the F-AF chain with bond alternation is written as Letter Author Name where −1 < γ < 1 and −1 ≤ δ ≤ 1. Then we have the relations asJ
. Owing to the parameterization (2), the phase boundary of the ferromagnetic phase is independent of γ and δ as will be seen. We also define the total spin as S tot = N n=1 s n , and denote the quantum numbers of the magnitude and the z-component by S tot and S z tot , respectively. Hamiltonian (1) is decomposed into triangular spin units each of which consists of three spins. To completely decompose it, we adopt the special OBC where the exchange parameter in the left end is J 1 (1 − δ)/2 and that in the right end is J 1 (1 + δ)/2 as shown in Fig. 1 . The Hamiltonian (1) is then rewritten as H = N −2 n=1 H n , where
with δ n ≡ (−1) n δ and γ n ≡ (−1) n γ. Solving the Hamiltonian H n for a single triangular unit, all the different eigenvalues divided by 1 − δ n arē
with D = 3γ
The composite spin of the three spins is (4) is the lowest. We can incorporate the spin-3 2 states of all the triangular units into a ferromagnetic state of the total Hamiltonian H. This means that the ferromagnetic state is the ground state of H. Similar argument has been done in the case of no bond alternation.
22 ForJ 1 > −4J 2 , the lowest eigenvalue for a triangular unit is the second one with the upper sign in eq. (4). We cannot incorporate the spin-1 2 states of all the triangular units into an eigenstate of H. In particular, the ground state is not ferromagnetic forJ 1 > −4J 2 . Thus the conditionJ 1 = −4J 2 represents the phase boundary of the ferromagnetic phase irrespective of the values of γ and δ.
In the uniform case of γ = δ = 0, we found all the exact degenerate ground states in explicit forms at the phase boundary of J 1 = −4J 2 . The exact ground state with
where c p is a normalization constant, and 
. Clearly the state (5) with p = 0 is fully ferromagnetic. In the special case of p = N 2 with even N , the state (5) is the same as the exact singlet ground state derived by Hamada et al. 25 By operating s n1 · s n2 on |φ p (i 1 , j 1 ; · · · ) in eq. (5), we find
where i k and j k (k = 1, 2, · · · , p) are different from n 1 or n 2 . By the aid of these equations, we obtain
for all n. Summing up this equation from n = 1 to N − 2, we have the following eigenvalue equation:
This eigenvalue is the ground state energy, because it is just the lower bound which is the sum of the lowest energies of the N − 2 triangular units as known from eq. (4) with γ = δ = 0 and J 1 = −4J 2 . Therefore |Φ p for any p is an exact ground state. To find the ground state for arbitrary S tot and S z tot , we tilt S tot by symmetrically flipping some of half spins in the ferromagnetic part of |φ p . Then we have
where c pp ′ is the normalization constant and the primed summation is taken over all N −2p C p ′ combinations of p 
where |s is the singlet state for the extra spins, and |t µ is the triplet state for them with quantum number µ of the z-component of the composite spin; then each summation takes over µ = −1, 0 and 1. Using eq. (14) two times successively, we obtain |j, m N +2 in the following form:
Here, |A N (s 
This eigenvalue equation with eq. (15) stands, only if the following recursion relations are satisfied: 
Further, the following relations for the same N should be satisfied:
With the normalization condition
the recursion relations (17) to ( (17) to (19) are given in Table I , and the initial ground states {|j, m 4 } are uniquely determined as where
t . Thus the ground state |j, m N with arbitrary even N is constructed recursively by eqs. (14), (17) to (21) . Note that all the coefficients can be determined as positive values by a suitable choice of the sign of each ground state. Thus the coefficients {a N (j), b N (j), c N (j), d N (j)} are determined uniquely. Further, since the total ground state is also a ground state of each local Hamiltonian H n , any total state which is not a local ground state cannot be another total ground state. Therefore, the ground state in the sector of fixed S tot = j and S z tot = m is nondegenerate. Although we have only shown the initial values for even N , the above recursion relations is valid for odd N by using the initial coefficients and the ground states for N = 3. The total degeneracy of the ground states is Using the above recursion relations, we can calculate physical quantities for large N . In Fig. 2 , we show the expectation value S z n for the ground state |j, j 100 when γ = 0 and γ = 0.8.
We now examine the ∆ chain, which is represented by Hamiltonian H with J ′ 2 = 0 (δ = −1) and odd N . Since H n = 0 for even n, eq. (16) reduces to
which is independent of s N −1 . Then, instead of eqs. (17) to (21), we have
These equations are not enough to uniquely determine the coefficients {a N , b N , c N , d N }, since the degeneracy of the ground states increases. We speculate the (N −1)/2 C j−1/2 -fold degeneracy for given N , j and m by numerical calculations.
To summarize, we found exact solutions of all the degenerated ground states of the F-AF chain on the ferromagnetic phase boundary. For a uniform F-AF chain, the exact ground states for arbitrary S tot and S z tot is written down explicitly in the closed form (13) . In each state, p singlet pairs are distributed uniformly among the remaining N − 2p unpaired spins. For a general F-AF chain with bond alternation, the recursion formulae for the ground states with respect to the system size N have been derived. This formulae is independent of the NNN bond alternation. By using the recursion formulae, we can evaluate various physical quantities of the ground states for large systems. The detailed calculations will be reported elsewhere.
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